We report idealized simulations that mimic the growth of galaxy disks embedded in responsive halos and bulges. The disks manifested an almost overwhelming tendency to form strong bars that we found very difficult to prevent. We found that fresh bars formed in growing disks after we had destroyed the original, indicating that bar formation also afflicts continued galaxy evolution, and not just the early stages of disk formation. This behavior raises still more insistently the previously unsolved question of how some galaxies avoid bars. Since our simulations included only collisionless star and halo particles, our findings may apply to gas-poor galaxies only; however the conundrum persists for the substantial unbarred fraction of those galaxies. Our original objective was to study how internal dynamics rearranged the distribution of mass in the disk as a generalization of our earlier study with rigid spherical components. With difficulty, we were able to construct some models that were not strongly influenced by bars, and found that halo compression, and angular momentum exchange with the disk did not alter our earlier conclusion that spiral activity is largely responsible for creating smooth density profiles and rotation curves.
INTRODUCTION
Understanding the formation of galaxies is one of the grand challenges of current astronomy (e.g. Somerville & Davé 2015) . In parallel with intense observational programs, such as CANDELS (Grogin et al. 2011; Koekemoer et al. 2011) , many groups are pursuing simulations of cosmic structure formation that attempt to follow the evolution of both dark matter and baryons from ab initio conditions (e.g. Guedes et al. 2011; Munshi et al. 2013; Snyder et al. 2015; Schaller et al. 2015) , while others employ semi-analytic techniques (e.g. Lowing et al. 2015; Somerville, Popping & Trager 2015) . However, these endeavors continue to fall short of providing a successful account of the full range of galaxy properties and scaling relations (e.g. Silk & Mamon 2012; Weinberg et al. 2015) . Here we pursue a complementary strategy of using more limited, and less computationally expensive, simulations to attempt to understand pieces of the dynamics of galaxy formation in order to develop insight into the mechanisms that have led to the presentday structure of disk galaxies.
One of the principal unsolved challenges presented by disk galaxies is the frequency of bars. When observed in the near-IR, very roughly one third are strongly barred, a further one third are weakly barred, while the remainder appear not to contain any bar at all (Eskridge et al. 2000; Marinova & Jogee 2007; Reese et al. 2007; Buta et al. 2015) . Several explanations for the presence or absence of a bar have been proposed, though none gives a convincing explanation for these proportions.
• Ostriker & Peebles (1973) , Efstathiou et al. (1982) , and Christodoulou et al. (1995) have tried to tie the existence of bars in disks to halo fraction, but this idea collides with both theoretical arguments and empirical data. Crucially, these stability criteria were derived for rigid halos and are inadequate when halos are composed of responsive particles, as reviewed below. In addition, Toomre (1981) , who elucidated the mechanism of the linear bar instability, argued that bar formation can be prevented by inhibiting feedback through the center (see also Binney & Tremaine 2008; Sellwood 2013) .
On the observational side, the great majority of spiral galaxies, both with and without bars, have two spiral arms (Davis et al. 2012; Hart et al. 2016) , which is an indicator of a heavy disk (Sellwood & Carlberg 1984; Athanassoula et al. 1987) . Also, were barred galaxies to have heavier disk mass fractions, there would be a systematic offset between barred and unbarred galaxies in the Tully-Fisher relation, which is not observed (Mathewson & Ford 1996; Courteau et al. 2003 , see also Bosma 1996 .
• Barazza et al. (2009) found an anti-correlation between bulge half-light and bar frequency which is weak evidence in support of Toomre's (1981) suggestion; feedback through the disk center is prevented by an inner Lindblad resonance that should be present when the disk hosts a massive bulge. However, bulge prominence is not a reliable predictor for the existence of a bar, as many earlytype barred galaxies have dense bulges, and at least some late-type unbarred systems have insignificant bulges and gently rising rotation curves. While Toomre's linear-theory prediction has been demonstrated to work in some careful simulations (Sellwood & Moore 1999; Sellwood & Evans 2001) , bars still form in other cases (Sellwood 1989; Polyachenko et al. 2016) , possibly through nonlinear effects. It is also possible that dense centers have been built up subsequently to the formation of a bar, perhaps because of inflows driven by the bar in the disk.
• Bars are inhibited in disks having large degrees of random motion (Athanassoula & Sellwood 1986 ). But since spiral activity is even more strongly suppressed, random motion cannot be the explanation for unbarred disks that display spiral patterns.
• Pfenniger & Norman (1990) argued that bars could be destroyed by central mass concentrations. Studies by Norman et al. (1996) , Shen & Sellwood (2004) , Athanassoula et al. (2005) and others have shown that the large central masses are required to destroy bars entirely, perhaps 5% of the disk mass. Kormendy & Kennicutt (2004) and Kormendy (2013) argue both that such central masses can be built up by bar-driven gas inflow and that the consequent destruction of the bar creates a pseudo-bulge. However, unbarred galaxies may have neither classical nor pseudo bulges; Table 1 of Kormendy et al. (2010) lists several well-studied cases.
• Cheung et al. (2013) find, from Galaxy Zoo data, a greater bar fraction in galaxies having lower starformation rate and argue that bar frequency is anticorrelated with gas fraction, as was also reported by Masters et al. (2012) . Both these papers use visual (r-band) images in which the overall bar fraction is 30% (Masters et al. 2011 ); a substantially larger bar fraction is found in NIR images (e.g. Eskridge et al. 2000; Marinova & Jogee 2007) , which suggests that dust and star formation can mask bars in visual images of gas-rich systems (see Block & Wainscoat 1991 , for a remarkable case). Even with this caveat, Masters et al. (2012) gave a barred fraction of ∼ 40% in galaxies with low H I mass fractions and 32% in galaxies with no detectable neutral hydrogen, implying that unbarred, gas-poor galaxies are not uncommon.
• Finally, bars could be tidally triggered (Byrd et al. 1986; Noguchi 1987; Gerin et al. 1990; Salo 1991; Romano-Díaz et al. 2008; Gajda et al. 2016) . Several studies have examined bar fractions as a function of galaxy environments (Elmegreen et al. 1990; Li et al. 2009; Aguerri et al. 2009; Marinova et al. 2012; Lin et al. 2014) , although the largest sample (Skibba et al. 2012) confusingly found that the bar fraction was greatest when galaxies were a few diameters apart and decreased at both larger and smaller separations! We do not attempt to offer a new explanation for the observed bar frequency here. Instead our purpose is to draw renewed attention to the issue and to show that apparently quite reasonable stellar-dynamical models of growing disks are pathologically unstable to barformation. We do not include an explicit dissipative gas component in our simulations, which some argue is crucial, but our conclusions at least remain relevant to gaspoor disks where the problem persists.
As noted above, disks in live halos form bars far more readily than in the equivalent rigid halo (Athanassoula 2002) . Sellwood (2016) demonstrated that the increased growth rate of the instability resulted from a torque from the halo acting on the disk even at very low amplitude. The instability in his toy model simulations that lacked bulges remained a standing wave with reflection off the center that differed from the mechanism described by Toomre (1981) only in that the bar is excited still more vigorously due to angular momentum loss to the halo. Saha & Naab (2013) also reported that bar growth was strongly influenced by the amount and sense of angular momentum in their live halo models. They found that halos rotating in the same sense as the disk caused bars to grow more vigorously and to reach larger size, whereas counter-rotating halos had the opposite effect. A related result was reported by Sellwood (2016) , who showed that the strength of the disk-halo coupling depended on the shape of the velocity ellipsoid in non-rotating halos.
These authors, as well as Athanassoula (2008) , stressed that the increased tendency for disks to form bars when embedded in responsive halos invalidates the disk stability criteria that were derived for rigid halos (Ostriker & Peebles 1973; Efstathiou et al. 1982 ); yet these obsolete stability criteria are still widely invoked.
The vast majority of barred galaxy simulations have begun with unstable axisymmetric disks that quickly form bars. Such simulations have elucidated the instability, as noted above, and have revealed the strong secular growth of the bar (Athanassoula & Misiriotis 2002; Martinez-Valpuesta, Shlosman & Heller 2006) . But the implication of this body of work for the formation and evolution of real galaxies is less clear, since the initial unstable models are most unlikely to have arisen in nature. We therefore study the evolution of growing disks, in which the bar instability may assert itself as the disk is being assembled.
In Paper I (Berrier & Sellwood 2015) , we showed that non-uniformities in the surface density of a galaxy, and consequent features in the rotation curve, were smoothed out by spiral instabilities. Using highly idealized simulations that mimicked a growing disk in rigid halo and bulge components, we added particles according to rules that were both somewhat realistic, reflecting inside out disk growth (e.g. Matteucci & Francois 1989; Wang et al. 2011; Bird et al. 2013) , and also quite unrealistic. The rules in the latter category were attempts to create galaxy models having unrealistic rotation curves, but the self-consistent dynamics of the disk always frustrated those efforts. In that paper, we deliberately employed rigid mass distributions to represent the halo and bulge in order to show that the radial rearrangement of mass by spiral activity in the disk was alone responsible for the smoothing effect.
In this paper, we report a generalization of this study to include responsive spheroidal components composed of massive particles. We expected the evolution of the rotation curve to differ when the bulge and halo components are made of responsive matter for just two reasons. First, a responsive component compresses as the disk mass rises, due to deepening of the potential well, and second, angular momentum could be transferred from the disk to the spheroidal components, although the effects of this transfer on the radial mass profile are not straightforward. For example, Sellwood (2003) and Colín et al. (2006) reported additional contraction of the halo in barred galaxy models; this occured because angular momentum loss from the inner disk, both to the halo and to the outer disk, concentrated the disk mass and further deepened the central potential. This effect overwhelmed any tendency for the halo density to decrease due to the work done on the halo by friction from the bar.
We here report that bars formed in most of the live halo models that matched the stable, rigid bulge/halo models of Paper I. Our models therefore present additional examples that illustrate the excitation of bars by live halos. Even models having moderately massive, dense bulges, which would be predicted to be stable by normal mode analysis (Zang 1976; Toomre 1981; Binney & Tremaine 2008; Sellwood 2013) , formed bars. We suspect that they formed through trapping by strong spirals as Sellwood (1989) had described, but Polyachenko et al. (2016) offer a quite different explanation for the same behavior in their simulations, and the precise mechanism in these cases therefore deserves a separate study.
Our original objective was simply to compare the evolution of the mass distributions and rotation curves in models with live halos with those in Paper I. However, bar formation became a major issue that has made the entire project a much greater challenge. The formation of bars not only confuses the interpretation of spiraldriven evolution, but our prescription, described in §2.2, of adding fresh particles to the disk on near circular orbits ceases to be appropriate when the potential is strongly non-axisymmetric. Although non-axisymmetric forces decay rapidly at radii outside a bar, we report in §3.3 that bars grow in size when fresh particles are added outside the barred part of the disk! For these reasons, we have tried, with limited success, to avoid bars in our models, and those we have selected to report in §4 are some of the few we have run in which the influence of a bar is minor. We study the dynamical consequences of responsive halos and bulges by direct comparisons with models having rigid halos.
LIVE HALOS
Here we present results from simulations that resemble those in Paper I, but in which the halo and bulge are represented by live populations of particles. We determine the initial equilibria of these components as follows.
Model set up
Our bulge and halo components are created from spherical mass models having known distribution functions (DFs) when in isolation. We then compute the equilibrium DF of the spherical components in the composite disk, halo, and bulge model by recognizing that adiabatic compression leaves the DF unchanged when expressed as a function of the actions (cf. Young 1980) . In the case of spherical components, only two actions need be considered: the radial action and the total angular momentum. Details of the iterative solution for a single equilibrium spheroid with an added disk were given in Sellwood & McGaugh (2005) and its generalization to include multiple spherical components is described here in the Appendix.
The models we present are listed in Table 1 , which are selected from the ∼ 100 simulations we have run in the course of this project. Almost every one of our models having responsive halos formed strong bars. We have opted to present mostly those in which bar formation was sufficiently delayed that the smoothing effect of the spirals could be established.
We employed the Hernquist (1990) sphere for the bulge in some models and for the halo in others. It has the density profile
where r is the spherical radius, M q b is the component mass, and b is a length scale. The equilibrium isotropic DF was also given by Hernquist (1990) . In other simulations, we used a cored isothermal density profile for the halo, for which we determined the isotropic DF by Eddington inversion (Binney & Tremaine 2008) . The density profile is
where c is the core radius and M q c is a mass such that the asymptotic circular speed V ∞ = (GM q c /c) 1/2 . As both these halos have infinite extent, we eliminate all particles with enough energy to pass beyond r max , which results in the density decreasing smoothly to zero at that radius.
We employ two types of disk. The usual exponential
and the Kuzmin-Toomre disk (model 1 of Toomre 1963)
In these expressions, M q d is the disk mass, and a e and a k are length scales. The surface density is tapered smoothly, over half a length scale, to zero at the truncation radius given in Table 1 . Having determined the equilibrium DF of each spherical component in the composite rigid disk, bulge and halo potential, we used it to select particles as described in the appendix of Debattista & Sellwood (2000) .
We also realize the disk with particles on near circular orbits in the total potential. The initial radial velocity spread is set to create the desired Q value as
Here κ(R) is the local epicyclic frequency. Since the velocity dispersions are a small fraction of the circular speed, v c , in our initial sub-maximal disks, the (smaller) azimuthal dispersion can be determined using the epicyclic relation
where Ω(R) = v c /R. We then use the Jeans equation ( Note. -Column 1: Letter identification for the simulation, followed by either R for rigid, or L for live halo. Column 2: Type of initial disk; "exp" is exponential (eq. 3) and "KT" is the Kuzmin-Toomre disk (eq. 4) and the asterisk indicates a modification that is described in the text. Column 3: Initial outer radius of the disk in units of a. Column 4: Initial disk mass q d . Column 5: Initial Q. Column 6: Log of fraction of unit mass M added per dynamical time τ 0 . Column 7: Mean radius of added particles. Column 8: Width of the annulus. Column 9: Type of bulge, if one is present, "Hern" is the Hernquist sphere (eq. 1). Column 10: Mass of the bulge component q b . Column 11: Radial scale of the bulge component b/a. Column 12: Type of halo, "Hern" is the Hernquist sphere (eq. 1), "Isot" is the cored isothermal sphere (eq. 2). Column 13: Mass of the halo component q b or qc. Column 14: Radial scale of the halo component b/a or c/a. Column 15: Outer edge of halo, rmax/a Note.
-Column 1: Identification, as column 1 of Table 1 . Column 2: number of rings, spokes and planes in the cylindrical polar grid. Column 3: Vertical distance between grid planes. Column 4: Gravity softening length, Newtonian forces apply at distances greater than twice this length. Column 5: The number of shells in the spherical grid. Column 6: The basic time step in units of τ 0 . Column 7: The duration of the simulation. Column 8: Log of initial number of disk particles. Column 9: Log of final number of disk particles.
Disk particles are spread vertically with a Gaussian profile and the z velocities are determined by integrating the vertical 1D Jeans equation (Binney & Tremaine 2008, eq. 4222b ) for a slab
which neglects any radial gradients. The vertical gradient of the total potential Φ is determined from the particles, as well as any additional mass components. Because the initial disks have quite low mass, this standard procedure results in disks that are excellent equilibria, as are the spherical components. We adopt M as our mass unit, and the disk scale a as the unit of length. Thus our unit of velocity is V 0 = (GM/a) 1/2 and time unit, or dynamical time, is τ 0 = a/V 0 = (a 3 /GM ) 1/2 . Henceforth, we use units such that G = M = a = 1. A suitable scaling to physical units for most of our models is to choose a = 0.5 kpc and τ 0 = 1.5 Myr, which yields M ≃ 1.2 × 10 10 M ⊙ and V 0 ≃ 326 km/s, but other scalings would be more appropriate for some of our models.
Disk growth
As in Paper I and in Sellwood & Moore (1999) , we added particles to the disk mid-plane, giving each zero radial and vertical speeds, with the azimuthal speed v a = (−Ra R ) 1/2 , where a R is the radial component of the potential gradient at that point and time. This procedure loosely mimics the growth of stellar disks, since stars form from gas that has settled into approximate centrifugal balance. The technique was first devised by Sellwood & Carlberg (1984) , and has been adopted recently in other work (Aumer & Schönrich 2015; Aumer et al. 2016) .
This rule gives reasonable initial velocities to the particles only while the potential remains approximately axisymmetric. Since our science goal was to study the consequences of spiral activity, we stop most of our simulations once a dominating bar develops, and our simple rule remains adequate until this moment. Exceptions are presented in §3.
Not only is our rule computationally more efficient than modeling the hydrodynamics of cooling halo gas, star formation and feedback, but it both gives us far more direct control over the radial location of the added mass and the dynamical consequences are not complicated by "gastrophysics". We exploited that freedom to the full in Paper I, where we placed particles on circular orbits over some adopted narrow radial range.
In all the models reported here, the new particles were added at a constant rate in a narrow annulus with the radial range given in Table 1 . Our objective is not to match any particular expectation of the angular momentum distribution of the material that makes up the disk, but to confirm for live halos what we already showed in Paper I for rigid halos, that the profiles of the evolved disks are insensitive to the distribution of angular momentum added to the disk.
Numerical method
We use the hybrid N -body code described by Sellwood (2003, Appendix B) , in which the gravitational field is computed with the aid of two grids: a 3D cylindrical polar grid for the disk component, and a spherical grid for the bulge/halo components with a surface harmonic expansion on each grid shell up to order l max = 4. A full description of our numerical methods is given in the on-line manual (Sellwood 2014) .
We measure the amplitude of non-axisymmetric features by summing
for disk particles only, where µ j is the mass and φ j (t) the cylindrical polar angle of the j-th particle at time t. We define the bar amplitude as A 2 /A 0 . We estimate the length of a bar in a simulation as described in the Appendix of Sellwood & Debattista (2006) . Briefly, it is the average of two separate estimates: (a) the radius at which the m = 2 amplitude decreases to half its peak value and (b) the radius at which the phase of the same sectoral harmonic differs by more than 20
• from the mass-weighted average near the peak.
We employed one million particles for the halo, and another million of the bulge, if present. The initial and final numbers of particles in the disk are given in Table 2 , which also lists the other numerical parameters used for each run. As usual, we checked that outcomes were little changed by reasonable variations of particle number, time step, and grid resolution. Michael Aumer (private , and blue for the live halo GL used here, which employed the same initial halo but which was compressed by the growth of the disk. The lower panel: the time evolution of the bar amplitude. The red line is for model GR, which had a growing disk in a rigid halo, the green line shows the result for GL, a growing the disk in a live halo, with the bar being destroyed by fiat at t = 640, and the blue line shows GL ′ the same initial model as GL but with no accretion, showing secular bar growth. communication) kindly confirmed that responsive halos also lead to higher growth rates for bars when a tree code is used instead.
BAR FORMATION

No bulge
The upper panel of Figure 1 illustrates the initial rotation curves of three models that consist of a disk and halo only. The red curve is from model GR (the same as model G of paper I) which was a submaximal exponential disk in a rigid Hernquist halo, as indicated by the dotted and dot-dash lines respectively. The blue curve is for two initially identical models GL that started with the same halo as model GR, but which had been compressed by the growth of the initial disk, and was realized by responsive particles.
The lower panel gives the time evolution of the bar amplitude. The red line shows that the m = 2 amplitude remained very low in model GR, despite the fact that accretion of particles on near-circular orbits caused the disk mass to grow to 2.8 times its initial mass by the last moment shown, and to 4.5 times the initial mass by the time we ended the calculation. Thus this model appeared to be robustly stable.
The behavior in the live halo is illustrated by the other Fig. 2. -The time evolution of the bar semi-major axis in run GL (green), and two similar models. The dotted lines indicate the inner radius of the accretion annulus in the model of the corresponding color. The early evolution to t = 640 in which a bar formed and was destroyed, as in Fig. 1 , is not shown. two lines. Even though halo compression further reduced the effective mass fraction of the disk, the live halo encouraged rapid bar formation, as found by others. The green line shows model GL, in which we added disk particles by the same rule as in the rigid halo. When we saw that a bar had formed, we destroyed it at t = 640 by randomizing the azimuths of all the disk particles as we did in Paper I. This intervention therefore created a dynamically hot, featureless disk to which we resumed adding fresh particles. While the hot disk was stable, the effect of the additional cool particles was to make the model become unstable again, and a new bar developed after t = 3000. The time evolution of the bar length in model GL is shown by the green line in Fig 2, which is described more fully below.
Large bars
One of the major differences between the models used here and those employed by Sellwood (2016) is the much more extensive halo. The blue curve in the lower panel of Fig. 1 
illustrates the bar amplitude in model GL
′ that started out with the same disk and halo as GL, but without the addition of new particles. By the time we stopped the calculation, the bar's semi-axis was a B ≃ 4a, which was equal to the outer radius of the initial disk! This continued secular growth of the bar was caused by ongoing angular momentum exchange with the extensive halo; the loss of angular momentum allowed more disk particles to become trapped into the bar.
Model GL ′ therefore manifests the same continuous growth of bar size and strength that has been reported previously (Athanassoula & Misiriotis 2002; Martinez-Valpuesta, Shlosman & Heller 2006) . We have verified that a model set up to be as similar as possible to the "massive halo" (MH) case presented by Athanassoula & Misiriotis (2002) did indeed evolve with our quite different code in the manner they reported. In particular, the bar continued to grow to t = 900, by which time it was both long (semi axis ∼ 5a) and very strong (A 2 /A 0 ∼ 0.5), as the similar case GL ′ shown by the blue curve in Fig. 1. 3.3. Disk excitation of bars While the discussion above has focused on halo excitation of bars, we here report that the cool outer disk also shares the responsibility for large strong bars. In particular, it seemed possible to us that the excitation of a new bar in model GL was caused by too small an inner radius of the accretion annulus, at R = 2. The added material could couple gravitationally to the inner disk in such a way as to excite a bar. We therefore tried two further experiments in which nothing was changed except that we increased the mean radius of the accretion annulus continuously to larger radii, in the hope that the later added particles would be too far out to couple to the inner disk, thereby avoiding a bar.
However, the models still formed strong bars and, if anything, the bar length seemed to increase with the radius of the accretion annulus, as shown in Figure 2 ! The results from model GL are displayed in green in Figure 2 , as are those in Figure 1 . In this model the inner edge of the accretion annulus was held fixed, and therefore some particles that were added within the bar, which always extended into the accretion annulus, were given inappropriate velocities. In an attempt to avoid this unrealistic evolution, we increased the inner radius of the annulus over time as shown by the dotted lines. In the first such experiment, indicated by the magenta lines, a bar still formed and its semi-major axis seemed to track the inner edge of the annulus, at least for a while. The behavior in an additional experiment that began with a larger accretion annulus that was also increased a little more rapidly is shown by the cyan lines; once again a bar formed whose size rapidly approached the inner edge of the accretion annulus.
It seems that additional cool particles in the outer disk were able to accept angular momentum from the bar in the inner disk, causing it to grow in strength and length. Our strategy of shifting this material to larger radii as the bar grew seemed to enable this happen more readily, having the opposite of the desired effect!
SMOOTHING ROTATION CURVES
In Paper I, we showed that the final mass and angular momentum distributions in the disk were insensitive to the angular momentum of the accreted material. We gave a full description of the smoothing mechanism in that paper. Briefly, we showed that spiral modes rearranged the angular momentum profile of the disk through horseshoe orbits of stars near the corotation radii of the spirals (Sellwood & Binney 2002) , while the spirals were themselves excited by the same features in the density profile.
Since we employed rigid mass distributions for the spherical mass components of those models, our study clearly demonstrated that the angular momenta of added particles could be diffused by spiral activity so as to create largely smooth disk density profiles and rotation curves lacking strong features. The purpose of this follow-up study was to determine how this result might be affected by replacing the rigid spherical components by responsive matter represented by populations of live particles. Note the smoothness of these distributions, which were measured directly from the large numbers of disk particles (see Table 2 ).
As previously emphasized, most models from our earlier study with rigid spherical components formed bars when the bulge/halo components were realized with responsive particles. We have opted not to pursue simulations after a strong bar has formed since our science goal is to study the role of spirals alone. We here present only simulations that support a protracted period of spiral activity, although a bar appeared late in the evolution in most cases, causing us to stop the simulation soon thereafter.
Massive bulge
The red line in Figure 3(a) shows the rotation curve at t = 1440 from model CL with live bulge and halo components that closely resembled the rigid halo case run CR (run C of Paper I); the result from model CR at the same accreted mass is shown by the green line. Both models had a dense Hernquist bulge, a pseudo-isothermal halo, and an initially very low mass exponential disk. We added particles at a constant rate over the radius range 5 < R/a < 7, indicated by the shaded region in panel (c), with radii chosen from a uniform probability distribution.
We added mass more rapidly in CL than in CR, did not shift the accretion annulus outwards, and we stopped the simulation at the time shown, when the disk mass had increased 13-fold, because a bar had developed in CL. The bar appeared around t = 1300 as an oval distortion that extended to ∼ 3a and grew in amplitude (to A 2 /A 0 ∼ 0.08) and length (to ∼ 5a) by t = 1440.
In this case, the run was able to manifest the smoothing effect of the spirals, as bar formation occurred after much mass had been added. The principal result from Paper I was reinforced: there are no abrupt features in the rotation curve, despite the limited radial extent of accretion. Panel (c) demonstrates that spiral activity spread the added disk material both inwards and out- wards from the annulus in which it was added in a manner very similar to that we found in the rigid halo (green line). Panel (b) shows the Q profile, which was computed from the rms radial velocities and other appropriate disk properties at each radius and time, at three representative times. While the inner disk becomes dynamically hot at an early stage, the region where particles are added stays cool until the bar forms. Figure 4 confirms that the distribution of angular momentum within the disk is substantially rearranged by the spiral activity. The black line shows the distribution in the initial disk, which extended to L z ∼ 2 plus the distribution of the added particles, which were placed on circular orbits outside the initial disk. The red line indicates that spiral activity has substantially smoothed the distribution by the time shown. As noted in paper I, the near constancy of dM d /dL z is reminiscent of, but not quite consistent with, the arguments presented by Lovelace & Hohlfeld (1978) .
As expected, halo compression yields a slightly higher circular speed in CL than in CR for the same disk mass added. The solid curves in panel (d) of Fig. 3 show the radial mass profiles of the initial (black) and final (red) halo, indicating the extent of halo compression by the added disk. The dashed curves show the same quantities for the bulge, whose profile is little changed except in the innermost 1%. Very little angular momentum is gained by the halo from the disk in run CL, with the torque increasing to dL z /dt ≃ 10 −5 by the end as mild bar begins to form. The angular momentum gained by the bulge is at least an order of magnitude less.
Moderate bulge
Run B from paper I had a less massive bulge, and we obtained a similar result in a parallel simulation with a live bulge and halo, although we ended the live halo simulation at t = 8000, whereas we had continued the rigid halo model to t = 18000. Since the orbit period at R = 5a is ≃ 63 of our time units, the duration of even the shorter integration was some 125 disk rotations, which is considerably longer than the age of a Milky Way-like galaxy.
As for model CL above, we therefore ran other simulations with substantially higher accretion rates, in order to reach the same final disk mass within the expected lifetime of a galaxy. However, this approach was unsuccessful for this lower bulge mass, because the models formed strong bars well before the desired final mass was reached.
One such example was model BL. As in Paper I, we destroyed the initial bar at t = 750, after which we began to add particles far outside the original disk. However, a new bar formed around t = 1400 that extended as far as the accretion annulus and grew in amplitude until we stopped the run at t = 2250 when the disk mass had increased just 5-fold.
Since this behavior prevented us from observing the smoothing effect of spiral activity, we had to develop a strategy that would inhibit the formation of bars. After much experimentation, we found the most effective way to delay the formation of a bar was to reduce substantially the inner disk surface density in the region of the bulge. The evolution run, B ′ L, is shown in Figure 5 . The initial KT disk profile is given by the black line in panel (c), with the surface density held constant when R 1.2. We added particles at a constant rate from t = 0 in the annulus 6 < R < 8 such that the disk mass increased 13-fold by t = 1000.
As expected, lowering the surface density had the effect of decreasing the spatial scale of self-gravitating density waves. Figure 6 illustrates a tightly wrapped m = 2 spiral in the inner disk over a short interval late in the evolution of run B ′ L. The radial group velocity of spiral waves (Toomre 1969; Binney & Tremaine 2008; Sellwood 2013 ) is v g = ∂ω/∂k, where ω = mΩ p is the pattern speed and k the radial wavenumber. Binney & Tremaine (2008, their eq. (6.76) , which is missing a sgn(k) factor) give the messy expression for the group velocity derived from the WKB dispersion relation for stellar disks, the leading factor of which is inversely proportional to k. In this case therefore, the tighter winding of spiral waves where the surface density is lowered also likely slows the group velocity. Delayed feedback through the center, if it occurs at all, slows the growth rate of the bar instability, substantially delaying the formation of the bar.
The smoothing effect of the spirals again dominated the changes to the circular speed curve (Figure 5a ), as well as the surface density profile (c). The surface density of the inner disk remained low for most of the run, but a large bar developed shortly before the time shown (t = 1000) that was associated with a significant increase in the inner surface density. The effect of halo compression is shown in (d).
No bulge
As shown by the red line in Fig. 1(b) , model GR (G of paper I) did not form a bar even as the disk mass was increased substantially, but bars formed more readily when the same halo was made responsive (model GL) even without the addition of disk mass (model GL ′ ). We could have suppressed bar formation by increasing the halo mass fraction (Mayer & Wadsley 2004; Sellwood 2016) , but mass rearrangements by the small-scale spirals that would develop within such extreme low mass disks would cause only minor changes to the shape of the overall rotation curve, which would not achieve our science goal.
In Paper I, we dealt with bar unstable disks by letting the disk form a bar and then scrambling the azimuths of the disk particles to erase the bar and using this hot initial disk as the starting point for mass accretion. This growing disk in the rigid halo generally avoided forming a new bar, at least for long enough to reveal the smoothing effects of spirals. However, as shown in Fig. 1 , a fresh bar formed in a live halo when we equally slowly added cool material to the hot disk made in this manner.
Thus, following Saha & Naab (2013) , we suppressed the supporting response to the bar mode in the disk by making the halo rotate strongly in the sense counter to disk rotation. This strategy is clearly an artifice: in reality, any halo rotation should have nearly the same sense of rotation as the disk, because both the halo and the disk material were subject to the same tidal torques and inflows in the early universe (Efstathiou 1979; Bullock et al. 2001; Bett et al. 2007 ). The disk spins up as it shrinks and settles through dissipation, while rotation in the more extended collisionless halo is also expected to be mild and in the same sense as that of the disk (but see also Danovich et al. 2015) .
We added rotation to the halo in the following manner. An isotropic halo has f (E) only, with uniform probability of any allowed value of the total angular momentum L at that E. We selected particles with the required distribution of these integrals as described in Debattista & Sellwood (2000) , and then chose a radius at random from a uniformly distributed fraction of the radial period. These choices determine v ⊥ and v r for the particle, where v ⊥ = L/r and v
are the components of velocity perpendicular and parallel to the radius vector. For an isotropic DF, the direction of v ⊥ is uniformly distributed in −π ≤ ψ ≤ π, where ψ is the angle to the (x, y) plane, say. We can add arbitrary amounts of net retrograde rotation by biasing the choice of ψ towards values |ψ| > π/2. In our case, we set ψ = πu 1/3 , where u is uniformly distributed over the range −1 < u < +1.
Although a rigid halo of this mass is sufficient to inhibit bar formation, even the strong retrograde bias of this live halo, model G ′ L, did not prevent a cool disk from forming a bar. We therefore destroyed the bar at t = 640 by randomizing the azimuths of all the disk particles, thereby creating a hot, stable disk. We added particles to this initial, dynamically hot disk over the radial range 5 < R/a < 7 at a higher rate than in model GL and no bar formed during the subsequent evolution to t = 2000, when the disk mass was 6.2 times greater than at the outset. G ′ L was our only model with a live halo that had no tendency to form a bar; comparison models with isotropic halos, e.g. GL in Fig. 1 , always formed fresh bars during the accretion phase. Figure 7 shows the results at t = 2000; the red lines show the behavior of the model with a live halo, G ′ L, and the green lines illustrate the evolution of run G ′ R in which the live halo was frozen at t = 640 after the initial formation and destruction of the bar. Once again, spiral activity has rearranged the disk radial density profile in almost the same manner for the live and rigid halos, as shown in panel (c). The central density spike was created as the bar formed in the part of the evolution before particles were added. The effects of halo compression are evident in panels (a) and (d); the black line in (d) indicates the halo mass profile at the start of the simulation, while the red shows the profile in G ′ L after the disk mass was increased. The difference in the red and green lines in (a) is due almost entirely to the compression of the live halo. As in model C, above, less than 2% of the final disk angular momentum was given up to the halo over the interval 960 < t < 2000.
CONCLUSIONS
The results presented in the previous section have met our original science objective of showing that a responsive halo does not alter the conclusion from Paper I: the disk density profile and rotation curve of the composite system are naturally smoothed by internal dynamical evolution as a disk grows in mass. It is interesting that the end condition seems to be characterized by a uniform distribution of disk mass with specific angular momentum (Fig. 4) . Comparison between models with rigid and responsive halos reveals that halo compression plays a more minor role than the spiral activity, which we identified in Paper I as the primary cause of smoothing. We also found that a disk supporting spiral activity does exert a torque on the halo but, unless a bar develops, only a tiny fraction of the total disk angular momentum is given up to the halo.
However, these conclusions were reached only after we were able to overcome the very pronounced tendency for a disk in a live halo to form a bar where a similar disk in a rigid halo did not. This increased tendency for bar formation had been reported by others (Athanassoula 2002; Saha & Naab 2013) , and was studied in greater depth by Sellwood (2016) who focused on highly idealized models with halos that were not at all extended.
Since we wished to examine the effects of spirals without a dominating bar, we struggled to create initial models that were not strongly unstable when embedded in responsive halos and bulges. Unless the bulge was extremely massive (Fig. 3 ), our simulations with dense bulges quickly formed bars, despite the prediction by Toomre (1981) that a dense center should prevent feedback and therefore be stabilizing.
We were able to at least delay the formation of a bar in models with moderate bulges by reducing the central density of the disk (Fig. 5) . We also adopted the strategy from Paper I of allowing a bar to form and then destroying it, by randomizing the azimuths of the disk particles, thereby creating a dynamically hot disk (Fig. 1) . However, both these strategies provided only temporary respite from bar formation as we increased the disk mass by adding fresh, dynamically cool particles. We were able to weaken the coupling of the disk to the halo by making the two components counter-rotate, an unrealistic strategy that appeared to be the only way to prevent the eventual formation of bar.
We also report ( §3.2), as was also found previously by Athanassoula & Misiriotis (2002) and Martinez-Valpuesta, Shlosman & Heller (2006) , that bars in unstable models with extended halos become quite unrealistically large and strong (e.g. Erwin 2005) . While the extraordinary secular growth of bars manifested by such models is interesting, they start from cool, axisymmetric disks that are strongly unstablei.e. from initial conditions that could not arise in nature.
The dominance of bar formation in our models was indeed remarkable. Almost every live-halo model presented here formed a bar eventually, a result that is apparently inconsistent with the existence of unbarred galaxies in nature, as reviewed in the Introduction. Cheung et al. (2013) and others (e.g. Bournaud et al. 2005) have claimed that bars can be avoided in simlations having large gas fractions. However, Aumer et al. (2016) reported simulations that included both dissipative gas and heavy particles to represent giant molecular clouds, but found that scattering of star particles by the heavy particles, slowed but did not inhibit entirely, the development of bars in their models. Many simulations of galaxy formation in a cosmic context have included rules to mimic baryonic physics to the most realistic extent possible, and some (e.g. Stinson et al. 2013; Aumer, White & Naab 2014; Snyder et al. 2015) have reported Milky Way-like galaxy models that do not possess bars. The challenge will be to show not only that these simulations can reproduce the observed bar fraction, but also that the disks in such models are realistically massive, dynamically cool, and thin so that they can also support the generally-observed two-armed spiral patterns.
Since we have employed only collisionless particles, and do not include the physics of gas, our findings may perhaps apply to gas-poor galaxies only. However, a large fraction of such galaxies appear to be unbarred , and the low gas fractions imply that bars would be harder to mask with star formation and dust (Buta & Block 2001) . Note that while large gas fractions are expected in the early stages of galaxy formation, when we destroyed the early bars, fresh bars formed as we modeled the continued gradual growth of galaxy disks in a physically reasonable manner. Thus the problem is also one of late evolution, and not just of the early stages.
We thank the referee for a valuable report that greatly helped us to clarify the paper. This work was supported by NSF grants AST/110897 and AST/12117937. Sellwood & McGaugh (2005) described how an isolated equilibrium spherical model could be compressed to include a second rigid mass component by assuming that the latter was added adiabatically. Their algorithm used the conservation of both radial action and angular momentum, as first set out by Young (1980) , which therefore takes into account the extra resistance to compression caused by radial pressure that is ignored in algorithms that conserve angular momentum only (e.g. Blumenthal et al. 1986 ). Sellwood & McGaugh (2005) also demonstrated that asphericity in the rigid mass had negligible effect, even when the rigid component was a disk, indicating that the change to the halo is very well determined only by the rigid mass enclosed within a spherical radius. We take the finite thickness of the disk into account when computing this mass, which spreads out the disk mass significantly only at radii that are within a couple of disk scale heights of the center. This algorithm yields the DF for the equilibrium halo in the composite disk+halo potential, from which halo particles can be selected. The final step of the set-up procedure is to realize the disk with particles.
APPENDIX
Here we extend the algorithm to a three component system, in order to be able to create equilibrium bulges and halos in the presence of a disk. As for the single spherical component, the working assumption is that the DFs of the two spherical components, when expressed as functions of the actions, do not change as the combined model is assembled adiabatically. We therefore select models for the halo and bulge whose DFs when each is in isolation are
